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Abstract. Flicker Frequency Modulated (FM) noise, which influences free-running
Ring Oscillators (ROs), can make a substantial contribution to the entropy generated
by RO-based True Random Number Generators (TRNGs). While current TRNG
stochastic models predominantly concentrate on white FM noise, the addition of flicker
FM noise could remarkably enrich the analysis of the TRNG entropy production rate.
This paper introduces an entropy model for TRNGs, employing Gaussian processes, to
estimate entropy generation from both white FM and flicker FM noise. We analytically
derive the flicker FM noise Auto-Correlation Function (ACF), enabling assessment of
entropy contributions conditioned on partial knowledge of the TRNG’s internal state.
Utilizing the developed model with commonly reported noise magnitudes found in
literature, it is determined that flicker FM noise holds the potential to substantially
enhance the TRNG’s entropy rate. However, due to considerable variation in reported
magnitudes across limited available research on flicker FM noise, it cannot yet be
universally accepted as a dependable source of TRNG entropy.
Keywords: TRNG · Stochastic entropy model · White FM noise · Flicker FM
noise

1 Introduction
As a fundamental building block capable of delivering a stream of fresh entropy, TRNGs
play an indispensable role in modern cryptographic systems. ROs are a popular component
in digital TRNG designs, as they are well studied, easily implemented and integrated
into a digital architecture and allow for some frequency flexibility, by varying the number
of stages. Consequently, numerous RO-based TRNG designs are found in literature, e.g.
the Elementary Ring Oscillator (ERO) TRNG [BLMT11], the Transition Effect Ring
Oscillator (TERO) TRNG [VD10], the Edge Sampling (ES) TRNG [YRG+18] or the
Coherent Sampling (COSO) TRNG [KG04].

Stochastic models, capable of estimating the TRNG entropy production are manda-
tory by international standards such as those set by BSI [PS22], NIST [TBK+18] and
ISO [ISO19]. Despite the abundance of TRNG stochastic models, many relying on the
presence of only white FM noise as seen in [PV22, HFBN15, BLMT11], the significance
of flicker FM noise was often disregarded or deemed less important. This is typically
justified by the rationale that accounting solely for the entropy provided by the white FM
noise component is adequate for establishing a lower bound on the entropy produced by
the TRNG [LF24]. Any entropy generated by other independent noise components was
regarded as a surplus that would not invalidate the entropy bound previously declared.

Increased attention for the flicker FM noise component [HTBF14, LB15, PV24] un-
derscores the need to incorporate this type of noise into TRNG models. Particularly,
recent research [BCF+24] has indicated that flicker FM noise can make a meaningful
contribution to the TRNG’s entropy production, thus emphasizing the importance of
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accurately describing it. Although [BCF+24] proposes a method for generating period
length samples for an RO under the influence of white FM and flicker FM noise, it lacks a
rigorous mathematical analysis to derive the TRNG output entropy density. This absence is
particularly unfortunate given the intriguing claim that an increased flicker FM magnitude
tends to reduce the observed correlation of the generated output bits. Instead, the study
relies on simulation results fitted to empirical data. Moreover, it assumes that the absence
of linear correlation in the output bits proves independence, which is crucial for the validity
of the reported entropy results.

Precisely modeling flicker FM noise is challenging due to its inherent long-term depen-
dencies, which arise from the physical nature of the charge carrier trapping and detrapping
process in the transistors that comprise the oscillator [GRN+91]. A trapped charge carrier
can affect the transistor’s drive strength over multiple oscillation periods, leading to a
sustained increase or decrease in the oscillating frequency. A notable effort was made
by [PV24], where a time-based analysis revealed the dependency of an oscillator’s excess
phase variance on the accumulation time length. However, this work lacks a comprehensive
description of the oscillator phase and a method for characterizing phase dependencies.
Additionally, it does not provide a method for estimating the entropy induced by flicker
FM noise. Instead [PV24] focuses on quantifying the magnitudes of the prevalent noise
types in free-running oscillators.

Apart from [PV24], there are only a limited number of flicker FM magnitude estimates
available: [HTBF14, LB15, FL14, BCF+24], which span multiple orders of magnitude. As
demonstrated in this study, the specific magnitude employed, notably impacts the resulting
entropy estimate, thereby dictating the extent to which the contribution of flicker FM
noise outweighs that of white FM noise in the total TRNG entropy rate.

The primary contributions of this work are as follows:

• An analytical derivation of the oscillator excess phase ACF, influenced by flicker
FM-shaped noise sources, is presented as a generalization of the phase variance
derivation in [PV24].

• This work proposes a simulation method for the phase process, similar to the approach
presented by [BCF+24]. However, our method offers a more robust mathematical
foundation. We achieve this by developing a unified Gaussian process model that
incorporates the ACF for both white FM and flicker FM noise.

• Simulation results using the constructed model compare the entropy produced in an
ERO TRNG under the influence of white FM and flicker FM noise, conditioned on
the oscillator’s phase or previously produced bit values.

2 Excess phase process
The phase of a noisy oscillator, that starts running at time t = 0, is modeled as a real-valued
stochastic process through continuous time t ∈ R≥0:

Φ(t) = 2πfnt+ φ0 + Φe(t) for t ∈ R≥0,

with fn, the nominal oscillator frequency, φ0, the initial phase at time t = 0 and{
Φe(t)

}
t∈R≥0

, a real-valued stochastic process describing the oscillator’s excess phase.
The excess phase is assumed to be unbiased (equal probability to become positive as to
become negative in value) through time. Therefore: ∀t ∈ R≥0 : E

[
Φe(t)

]
= 0, with E the

expectation operator.
The ACF is denoted as follows: RA : R2

T → R by RA(ti, tj) = E
[
A(ti)A(tj)

]
, with{

A(t)
}
t∈T any stochastic process on t ∈ T . Instead of the phase itself, properties of
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the oscillator are often described using the instantaneous relative frequency deviation:
∀t ∈ R≥0 : Y (t) =

d
dtΦ(t)−2πfn

2πfn . The phase ACF can be written in terms of the ACF for
this relative frequency deviation, by generalizing Eq. (8) from [PV24], ∀(ti, tj) ∈ R2

≥0:

RΦe(ti, tj) = E
[
Φe(ti)Φe(tj)

]
= E

[
2πfn

∫ ti

0
Y (θi)dθi2πfn

∫ tj

0
Y (θj)dθj

]
= 4π2f2

n

∫ ti

0

∫ tj

0
E
[
Y (θi)Y (θj)

]
dθjdθi = 4π2f2

n

∫ ti

0

∫ tj

0
RY (θi, θj)dθjdθi.

(1)

2.1 Gaussian process
The excess phase:

{
Φe(t)

}
t∈R≥0

is assumed to behave as a Gaussian process, with zero
mean function: ∀t ∈ R≥0 : µ(t) = 0. The ACF fully describes the behavior of the excess
phase process. Sampling the excess phase at n time instances: (t0, t1, . . . , tn−1) ∈ Rn≥0,
produces an n-dimensional multivariate normal distributed vector:

~Φe =
(
Φe(t0),Φe(t1), . . . ,Φe(tn−1)

)ᵀ ∼ Nn( ~0n,Σe

)
,

with mean vector: ~0n, an n× 1 all-zero vector and covariance matrix given by

Σe =


RΦe(t0, t0) RΦe(t0, t1) . . . RΦe(t0, tn−1)
RΦe(t1, t0) RΦe(t1, t1) . . . RΦe(t1, tn−1)

...
...

. . .
...

RΦe(tn−1, t0) RΦe(tn−1, t1) . . . RΦe(tn−1, tn−1)

 . (2)

2.2 Source of noise
The Power Spectral Density (PSD) for the relative frequency deviation, denoted by SY (f),
with f the Fourier frequency, is assumed to be composed of a sum of noise contributions
of different type α [HAB81]:

SY (f) =
2∑

α=−2
hα|f |α =

2∑
α=−2

SY α(f). (3)

The noise magnitudes, hα, represent the magnitudes of the five most prevalent noise types
in oscillators: random walk FM (α = −2), flicker FM (α = −1), white FM (α = 0), flicker
PM (α = 1), and white PM (α = 2). The terms white and flicker refer to the shape of
the oscillator’s frequency or phase spectrum, hence the adjectives Frequency Modulated
(FM) and Phase Modulated (PM) are used in this text. Additionally, the contributions
are assumed mutually independent. Using the derivation outlined in Appendix A, the
excess phase random process is shown to consist of a sum of individual excess phase
noise contributions,

{
Φα
e (t)

}
t∈R≥0

: ∀t ∈ R≥0 : Φe(t) =
∑2
α=−2 Φα

e (t). Each of these

contributions has a PSD following a power law: SΦαe (f) =
(
fn
f

)2
hα|f |α.

As experiments in [PV24] have shown, the noise types of interest when studying an
oscillator for a reasonable time frame are white FM (α = 0) and flicker FM (α = −1) noise.
In this work, these two noise types are exclusively studied and indicated by the indices ·w
and ·f for white FM and flicker FM components respectively. The constants hw = h0 and
hf = h−1 are used to indicate the noise magnitudes.
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2.3 Excess phase ACF
2.3.1 White FM noise

As assumed by [PV24], the relative frequency deviation,
{
Y (t)

}
t∈R≥0

, is a Wide-Sense
Stationary (WSS) process. Its ACF is therefore only dependent on the time shift and a
simplified notation is used: ∀(ti, tj) ∈ R2

≥0 : RY (ti, tj) = RY (tj − ti) = RY (τ). Derived
in [PV24], under the influence of only white FM noise, the relative frequency deviation
ACF equals a scaled Dirac delta distribution function: RY (τ) = h0δ(τ). Using Eq. (1),
the excess phase ACF becomes

∀ (ti, tj) ∈ R2
≥0 : Rφe(ti, tj) = 4π2f2

nhw

∫ ti

0

∫ tj

0
δ(θj − θi)dθjdθi

= 4π2f2
nhw min(ti, tj).

(4)

2.3.2 Flicker FM noise

Generalizing the derivation made in Section II-D from [PV24], the excess phase ACF can
be obtained. The same assumption is made here: a band-limited version of the relative
frequency deviation,

{
Y (t)

}
t∈R≥0

, to the frequency interval [fl, fh], under the action of
flicker FM noise, is WSS. From Eq. (13) in [PV24], the relative frequency deviation ACF
equals

RY (τ) = 2hf
∫ fh

fl

cos(2πfτ)
f

df.

Using Eq. (1), the excess phase ACF can be obtained:

∀(ti, tj) ∈ R2
≥0 : RΦe(ti, tj) = 4π2f2

n

∫ ti

0

∫ tj

0
2hf

∫ fh

fl

cos
(
2πf(θj − θi)

)
f

dfdθjdθi. (5)

The details of working out the integral and assuming fh →∞ are shown in Appendix B.
The following could be obtained:

∀(ti, tj) ∈ R2
>0 : RΦe(ti, tj) = 4π2f2

nhf titj

(
3− 2γ− 2 ln

(
2πfl|tj − ti|

)
+ ti
tj

ln
(
|tj − ti|
ti

)
+ tj
ti

ln
(
|tj − ti|
tj

))
.

(6)

The ACF becomes zero whenever ti = 0 or tj = 0. When ti = tj = t, the ln |tj − ti| terms
cancel out and Eq. (6) reduces to Eq. (19) in [PV24].

Example 1. Take the following realistic values: fn = 520 MHz, hw = 18.9 fs, hf =
1× 10−10 and fl = 1 mHz. Figure 1 illustrates an example white FM and flicker FM
noise Gaussian process:

{
Φwe (t)

}
t∈R≥0

(blue) and
{

Φfe (t)
}
t∈R≥0

(red). The markers show
four realizations: ϕye(ti) for ti ∈ {0 µs, 1 µs, 3 µs, 4 µs} and y ∈ {w, f}. The confidence
region (one standard deviation above and below the mean containing 68 % of the samples)
and mean through time:

√
Var

[
Φye(t)

]
and E

[
Φy
e(t)

]
, given these four realizations, are

represented by a shaded area and a solid line respectively. Note the linear increase versus
the square root increase of the standard deviation through time for flicker FM versus white
FM noise.
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Figure 1: Gaussian process for white FM (blue) and flicker FM (red) noise in Example 1.
The markers represent realized values for the excess phase process. The shaded area and
the solid line represent the standard deviation and mean for the process at any time
instant respectively, given the realizations: Φy

e(ti) = ϕye(ti) for ti ∈ {0 µs, 1 µs, 3 µs, 4 µs}
and y ∈ {w, f}.
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Figure 2: ERO TRNG reference architecture.

3 ERO TRNG entropy model

To study the effects of flicker FM noise on the entropy generated by a TRNG, the ERO
TRNG is selected as the reference architecture in this work. As shown in Fig. 2, the ERO
TRNG being studied consists of a single free-running RO, a reference clocking signal and
a sampling flip-flop. Although this work assumes the reference clock is jitter-free, it is
important to note that, in reality, the reference clock may also exhibit jitter. Techniques
exist to transfer the jitter from the reference clock to the free-running oscillator under
study [FL14], allowing the results presented here to remain valid. However, when the
origin of the jitter in the reference clock is unknown, it should not be considered in the
entropy estimate.

From Section 2, both the white and flicker excess phase components can be considered
a Gaussian process. A random excess phase vector is defined as

~Φe =
(
Φwe (t1),Φwe (t2), . . . ,Φwe (tn),Φfe (t1),Φfe (t2), . . . ,Φfe (tn)

)ᵀ
,

describing the sampled excess phase at time instances (t1, t2, . . . , tn) ∈ Rn≥0. The excess
phase vector is then multivariate normal distributed, as the white and flicker noise
components are independent: ~Φe ∼ N2n

(
~02n,Σe

)
. The covariance matrix is constructed

as

Σe =
[

Σw
e 0n×n

0n×n Σf
e

]
, (7)

with 0n×n, an n× n all zero matrix. The n× n matrices Σw
e and Σf

e are the covariance
matrices for the individual white and flicker noise components respectively, constructed
using the noise ACF, as illustrated in Eq. (2).
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3.1 Bit distribution
In an ERO TRNG, the oscillator is sampled at regular time intervals: ti = itacc for
i ∈ {1, 2, . . . , n} and accumulation time, tacc. The sampled value of the i-th bit, Bi, equals

Bi =
⌊Φ(ti)
π

⌋
mod 2 =

⌊2πfnti + φ0 + Φe(ti)
π

⌋
mod 2 = bdi ⊕

⌊φi + Φe(ti)
π

⌋
mod 2, (8)

with bdi =
⌊ 2πfnti+φ0

π

⌋
mod 2 and φi = (2πfnti + φ0) mod π, the number of completed half

cycles modulo two and fractional part of the current oscillator half cycle, both deterministic
quantities and ⊕, the binary XOR operator. XORing with bdi can be considered a form of
post-processing, as it does not alter the entropy content of the bit Bi. Remove the XOR
post-processing to obtain an adjusted bit with identical entropy content:

B′i =
⌊φi + Φe(ti)

π

⌋
mod 2 =

⌊φi + Φwe (ti) + Φfe (ti)
π

⌋
mod 2.

B′i is a discrete binary random variable, dependent on the oscillator excess phase,
Φe(ti), at sampling time ti. The conditional Probability Mass Function (PMF), given the
excess phase equals

fB′
i
|Φe(ti)(b | ϕ) =

{
1 if b =

⌊
φi+ϕ
π

⌋
mod 2

0 otherwise.

When considering m sample time instances: ∀j ∈ {0, 1, . . . ,m− 1},∀ij ∈ {1, 2, . . . , n} :
(ti0 , ti1 , . . . , tim−1)ᵀ ∈ Rm≥0, define the random bit vector ~B = (B′i0 , B

′
i1
, . . . , B′im−1

)ᵀ, with
conditional PMF equal to

f ~B| ~Φe
(~b | ~ϕ) =

m−1∏
j=0

fB′
ij
|Φe(tij )(bij | ϕij−1 + ϕij−1+n), (9)

where bij , ϕij−1, and ϕij−1+n are the elements at the j-th, (ij − 1)-th, and (ij − 1 + n)-th
position in the vectors ~b, and ~ϕ, respectively. This PMF only equals one if for all m
indexes, ij , the bit bij equals

⌊φij+ϕij−1+ϕij−1+n

π

⌋
mod 2, with ϕij−1 and ϕij−1+n, the

given excess white and flicker phase respectively for the index corresponding with sampling
time tij .

3.2 Conditional distributions
This work assumes that an entity has observed or will observe a certain amount of
information about the ERO TRNG. This information could include the exact oscillator
phase value, Φwe (ti) and Φfe (ti), or the produced output bit B′i at specific sampling time
instances: ti ∈ R≥0. Take as an example: person A collecting future or previous TRNG
output. The collection of already observed random variables is referred to as the observed
part. The conditional distributions developed in this study, describe the distribution for
an unobserved part (phase or bit values), from the perspective of that entity who already
possesses knowledge of the observed part. For instance: the current bits’ distribution for
person A, given this person has the knowledge of different bits produced in the future or
past.

The n sampling time instances of interest are now partitioned in an observed part
{tio0 , tio1 , . . . , iiono−1

} and an unobserved part {tiu0 , tiu1 , . . . , tiunu−1
}, containing no and nu

time instances respectively and n = no + nu, the total number of samples under study. A
sample instance cannot be both observed and unobserved: ∀(k, j) ∈ {0, 1, . . . , nu − 1} ×
{0, 1, . . . , no − 1} : iuk 6= ioj .
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The excess phase vector can be similarly partitioned (by reordering the indexes) into
observed and unobserved parts ~Φe =

( ~Φo,w
e

ᵀ
, ~Φu,w

e

ᵀ
,
~Φo,f
e

ᵀ

,
~Φu,f
e

ᵀ)ᵀ, with: ∀(x, y) ∈
{o, u} × {w, f} : ~Φx,y

e =
(
Φy
e(tix0 ),Φy

e(tix1 ), . . . ,Φy
e(tixnx−1

)
)ᵀ. Similarly, the random bit

vectors representing the observed and unobserved TRNG output equal ∀x ∈ {o, u} : ~Bx =
(B′ix0 , B

′
ix1
, . . . , B′ix

nx−1
)ᵀ.

3.2.1 Conditioned on the oscillator phase

The unobserved excess phase vector, ~Φu
e =

( ~Φu,w
e

ᵀ
,
~Φu,f
e

ᵀ)ᵀ, given a realization of the

observed excess phase, ~Φo
e =

( ~Φo,w
e

ᵀ
,
~Φo,f
e

ᵀ)ᵀ =
(
~ϕwᵀ

, ~ϕf
ᵀ)ᵀ = ~ϕo, has a multivariate

normal conditional Probability Density Function (PDF):

f ~Φu
e | ~Φo

e

(
~ϕu | ~ϕo

)
= φN2nu

(
~ϕu; ~
µ

u|o
e ,Σu|o

e

)
, (10)

with conditional covariance matrix equal to

Σu|o
e =

[
Σuu,w

e −Σuo,w
e Σoo,w

e
−1Σou,w

e 0nu×nu

0nu×nu Σuu,f
e −Σuo,f

e Σoo,f
e

−1Σou,f
e

]
, (11)

and conditional mean vector equal to

~
µ

u|o
e =

[
Σuo,w

e Σoo,w
e

−1 ~ϕw

Σuo,f
e Σoo,f

e

−1 ~ϕf

]
.

The submatrices are derived from the excess phase covariance matrix in Eq. (7):

Σe =


Σoo,w

e Σou,w
e

Σuo,w
e Σuu,w

e

0n×n

0n×n
Σoo,f

e Σou,f
e

Σuo,f
e Σuu,f

e

 ,
Note that only the conditional mean is dependent on the phase realization.

3.2.2 Conditioned on the output bits

Using Bayes’ rule, the conditional PDF for the random excess phase vector, ~Φe, given the
observation of no bits ~Bo = ~b, equals

f ~Φe| ~Bo(~ϕ | ~b) =
f ~Bo| ~Φe

(~b | ~ϕ)f ~Φe
(~ϕ)

f ~Bo(~b)
, (12)

with the unconditional excess phase PDF equal to the 2n-dimensional multivariate normal
distribution PDF, f ~Φe

(~ϕ) = φN2n(~ϕ; ~02n,Σe). The unconditional marginal PMF, for a
bit vector, f ~B(~b) or equivalently f ~Bo(~b), can be found by integrating the unconditional
excess phase PDF over the subspace where f ~B| ~Φe

(~b | ~ϕ), from Eq. (9), equals one:

f ~B(~b) =
∫
R2n

f ~B| ~Φe
(~b | ~ϕ)f ~Φe

(~ϕ)d~ϕ. (13)

Example 2. Take the following realistic parameter values: fn = 520 MHz, tacc = 4.11 µs,
φ0 = 0 rad (initial oscillator phase), hw = 18.9 fs (white noise strength, as in [PV24]), and
hf = 100× 10−12 (flicker noise strength, with a noise corner around 5 µs). In this example,



292 TRNG Entropy Model in the Presence of Flicker FM Noise

two sampling time instances are considered: t1 = tacc and t2 = 2tacc. The random excess
phase vector becomes ~Φe =

(
Φwe (t1),Φwe (t2),Φfe (t1),Φfe (t2)

)ᵀ. The generated bit from the
first sample is observed equal to one, bio0 = 1 for io0 = 1 and ~Bo = [B′io0 ]. The probability
of sampling a one at the first sampling time instance, is obtained by integrating the
unconditional total oscillator phase PDF over the area highlighted in Fig. 3 and equals

f ~Bo

(
[1]
)

=
∫⌊

φ1+ϕ0+ϕ2
π

⌋
mod 2=1

φN4(~ϕ; ~04,Σe)d~ϕ = 21.3 %,

with the unconditional excess phase covariance matrix equal to

Σe =


RwΦe(t1, t1) RwΦe(t1, t2) 0 0
RwΦe(t2, t1) RwΦe(t2, t2) 0 0

0 0 RfΦe(t1, t1) RfΦe(t1, t2)
0 0 RfΦe(t2, t1) RfΦe(t2, t2)

 .
Equation (12) determines that the knowledge of the first bit being equal to one, changes
the distributions for the white- and flicker excess phase at the second sample, as illustrated
by Figs. 4 and 5.

Figure 3: Oscillator total phase PDF and integration area for the first sample being equal
to one.

3.3 Monte Carlo integration
Example 2 was generated by evaluating the four-dimensional multivariate normal PDF,
φN4(·), at a four-dimensional grid. While providing accurate results, this approach quickly

Figure 4: Joint PDFs for the white and flicker excess phase at the first sampling time
instance: t1 (left) and second sampling time instance: t2 (right), conditioned on the first
sampled bit being equal to one.
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Figure 5: Difference between the unconditioned joint PDF and the conditioned joint PDF:
fΦwe (ti),Φfe (ti)|B′1

(ϕw, ϕf | 1)− fΦwe (ti),Φfe (ti)(ϕ
w, ϕf ), for ti equal to t1 (left) or t2 (right).

becomes intractable when dealing with more dimensions (i.e. the number of samples at
interest increases). When evaluating Eq. (12), only the denominator poses a problem. The
unconditional bit PMF, f ~B(~b), requires the integration of a multivariate normal PDF in
a 2n-dimensional subspace, as shown by Eq. (13). No closed form solution exists when
there is correlation between the individual random variables or the integration boundaries
depend on more than one random variable.

The knowledge of the generated bit at time tij : B′ij = bij , leads to an additional
factor in Eq. (9). The excess phase becomes additionally constrained by the relation:⌊φij+Φe(tij )

π

⌋
mod 2 = bij , which generates a periodic tilted bands integration region, with

period 2π, in the Φwe (tij ), Φfe (tij )-plane, as could be seen in Fig. 4 (left).
For evaluating the integral in Eq. (13), a Monte Carlo integration method is used.

Generate s random samples, ~ϕi for i ∈ {1, 2, . . . , s}, from the excess phase distribution,
~Φe (multivariate normal). The ratio between the number of samples that fall inside the
integration region to the total number of generated samples is used as an approximation
to the integral in Eq. (13):

f ~B(~b) ≈ 1
s

∣∣∣{ ~ϕi

∣∣ f ~B| ~Φe
(~b | ~ϕi) = 1, i ∈ {1, 2, . . . , s}

}∣∣∣. (14)

For all the results presented in this work, the multivariate_normal() method from
the numpy.random (version 1.14.3) [SNR] Python library was used to generate one
million (s) samples.

3.4 Entropy study
Using Eq. (13) or Eq. (14) as an approximation, to obtain the unconditional PMF for
the bit vector ~Bu, the unconditional Shannon entropy for the unobserved bits can be
determined as usual:

H[ ~Bu] = −
∑

~b∈{0,1}nu
f ~Bu(~b) log2

(
f ~Bu(~b)

)
. (15)

3.4.1 Entropy conditioned on the oscillator phase

Given the realization of no phase values, at sampling time instances (tio0 , tio1 , . . . , tiono−1
)ᵀ ∈

Rno≥0: ~Φo
e = ~ϕ and combining Eqs. (9) and (10), the unobserved bits PMF, given the

observed oscillator phase at no time instances equals

f ~Bu| ~Φo
e
(~b | ~ϕo) =

∫
R2nu

f ~Bu| ~Φu
e

(~b | ~ϕu)f ~Φu
e | ~Φo

e
( ~ϕu | ~ϕo)d ~ϕu.
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Figure 6: Oscillator total phase PDF and integration area for the second sample being equal
to one, conditioned on the first sample being equal to one (solid blue) and unconditioned
(dashed red).

From this conditional PMF, the conditional Shannon entropy, given the observed phase
values, H[ ~Bu | ~Φo

e = ~ϕo], can be determined similarly to Eq. (15).

3.4.2 Entropy conditioned on the output bits

Given again no bit observations ~bo = (bo0, bo1, . . . , bono−1)ᵀ ∈ {0, 1}no , at sampling time
instances (tio0 , tio1 , . . . , tiono−1

)ᵀ ∈ Rno≥0, we therefore have a realization: ~Bo = ~bo. Combining
Eqs. (9) and (12), the conditional unobserved bits PMF, given the realization of ~Bo can
be determined as follows:

f ~Bu| ~Bo( ~bu | ~bo) =
∫
R2n

f ~Bu| ~Φe
( ~bu | ~ϕ)f ~Φe| ~Bo(~ϕ | ~bo)d~ϕ.

Using the Monte Carlo integration method from Section 3.3, this conditional PMF can be
estimated by the following ratio:

f ~Bu| ~Bo( ~bu | ~bo) =
f ~Bu, ~Bo( ~bu, ~bo)

f ~Bo(~bo)
,

with

f ~Bu, ~Bo( ~bu, ~bo) ≈ 1
s

∣∣∣{ ~ϕi

∣∣f ~Bu| ~Φe
( ~bu | ~ϕi) = 1, f ~Bo| ~Φe

(~bo | ~ϕi) = 1, i ∈ {1, 2, . . . , s}
}∣∣∣,

and with f ~Bo(~bo) from Eq. (14). Use s randomly generated samples from the unconditional
multivariate normal ~Φe distribution, ~ϕi for i ∈ {1, 2, . . . , s}. From the conditional PMF,
f ~Bu| ~Bo , the conditional Shannon entropy for the unobserved bits, given the observed bits,
H[ ~Bu | ~Bo = ~bo], can be determined similar to Eq. (15).

Example 3. Given the scenario from Example 2, the total oscillator phase PDF is shown
in Fig. 6. Both the unconditional PDF as the conditional PDF, given the first sample
equaled one, are shown. The conditional probability of obtaining a one at the second
sample equals 52.8 % and the conditional Shannon entropy is H[B′2 | B′1 = 1] = 0.998 bit.

3.4.3 Worst-case entropy

Despite the bimodal shape of the conditioned total oscillator phase PDF from Fig. 6 at
Example 3, the obtained Shannon entropy for the second sample, given the first sample
equals one is significantly larger than the entropy for the first sample, H[B′1] = 0.747 bit
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Figure 7: Oscillator total phase PDF and worst-case entropy integration area for the
second sample being equal to one, given the first sample was one.

vs. H[B′2 | B′1 = 1] = 0.998 bit. The area under the PDF curve used for determining the
bit probability is highly influenced by the horizontal position of the curve. This horizontal
position is determined by the nominal phase at the sampling time: 2πfnitacc + φ0 mod 2π
for the i-th sample, related to φi in Eq. (8). To eliminate the influence of the nominal
phase on the entropy, a worst-case entropy function is defined.

Definition 1. (Worst-case entropy) Given an oscillator total phase random variable at
some time instance Φ : Ω → R and its corresponding random bit, B =

⌊Φ
π

⌋
mod 2. A

worst-case random bit function, Bworst(δφ) : Ω× [0, 2π)→ {0, 1}, is defined as

Bworst(δφ) =
⌊Φ + δφ
π

⌋
mod 2,

with δφ, a deterministic phase offset. The worst-case Shannon entropy for B, conditioned
on an event in the event space, E ∈ F , is equal to

Hworst[B | E] = H
[
Bworst(δmφ ) | E

]
,

with: δmφ = arg maxδφ∈[0,2π) P
[
Bworst(δφ) = 1

]
.

As the worst-case entropy is independent from a phase shift, one can assign a worst-case
entropy value to a phase random variable. Both the total oscillator phase as only the
excess oscillator phase have an equal worst-case entropy content, as they only differ in a
deterministic phase offset (nominal phase).

Definition 2. (Worst-case entropy for a phase random variable) Given an oscillator’s
total phase and excess phase random variables at some time instance Φ : Ω → R and
Φe : Ω → R. The worst-case Shannon entropy for Φ and Φe, conditioned on an event,
E ∈ F , is equal to

Hworst[Φ | E] = Hworst[Φe | E] = Hworst[B | E],

with B : Ω→ {0, 1}, a random bit extracted from that oscillator, B =
⌊Φ+δφ
π

⌋
mod 2, for

any phase shift δφ ∈ R.

Example 4. Given the scenario from Example 2, Fig. 7 provides the conditional PDF for
the total oscillator phase at the second sampling moment, given the first sample obtained
a one. The shaded area indicates the worst-case probability of obtaining a one, equaling
76.6 %. The worst-case Shannon entropy now becomes Hworst[B′2 | B′1 = 1] = 0.785 bit,
which is significantly reduced compared to the regular Shannon entropy in Example 3, and
independent from the nominal oscillator phase.
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Table 1: Numerical values used for: hw, hf and tacc and obtained white FM noise Hworst.

Estimate hw hf Corner
Sampling speed

25 % 100 % 400 %
tacc Hworst tacc Hworst tacc Hworst

[fs] [1× 10−12] [µs] [µs] [bit] [µs] [bit] [µs] [bit]
Low - 6.22 100 25.0 0.992 100 > 0.999 400 > 0.999
Mid 18.9 104 5.00 1.25 0.0186 5.00 0.523 20.0 0.979
High - 9480 0.0434 0.0109 < 0.001 0.0434 < 0.001 0.174 < 0.001

Figure 8: Worst-case Shannon entropy for a white FM noise source, versus accumulation
time. Entropy curves for noise magnitudes hw = 18.9 fs (solid red) and other magnitudes
(dashed gray) for reference: {5 fs, 10 fs, 40 fs, 80 fs, 160 fs} are shown.

4 Model simulation
The Gaussian process model, developed in Section 3, will now be used to generate entropy
estimates for an ERO TRNG affected by both white FM and flicker FM noise under
realistic operating conditions.

4.1 Noise magnitude
This section explains how the scaling constants hw and hf , used to approximate both
the white FM and flicker FM noise magnitude, are selected. Based on the obtained noise
corner, the ERO TRNG sampling speed is determined as well. Table 1 lists the numerical
values used in the remainder of this work.

4.1.1 White FM noise magnitude

Throughout this work, a single magnitude for the white FM noise is used: hw = 18.9 fs.
As provided by Table 9 in [PV24], this value is lower than most other estimates in the
field and can therefore be considered as a conservative estimate.

There exists a one-to-one relation between the white FM noise component worst-case
Shannon entropy and the accumulation time. Figure 8 depicts this relation for the selected
white FM noise magnitude (solid red) and other magnitudes (dashed gray). Higher noise
magnitudes give a higher entropy value at a given accumulation time.

4.1.2 Flicker FM noise magnitude

This work considers three different magnitudes for the flicker FM noise component. At
the higher end of the spectrum, there is the magnitude as measured by [PV24], hf =
9.48× 10−9. At the lower end, the noise corner derived from the measurements in [HTBF14]
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Figure 9: Oscillator phase variance versus accumulation time for the three different flicker
FM noise magnitudes: {6.22× 10−12, 1.04× 10−10, 9.48× 10−9}, represented by distinct
colors, used in this work.

lead to a magnitude hf = 6.22× 10−12, when using the white noise strength estimate from
Section 4.1.1. The third value is selected in between, hf = 1.04× 10−10, and approaches
what has been reported by [LB15] and [FL14]. A frequency value fl = 1 mHz is used for
the lower frequency bound in Eq. (6).

4.1.3 White FM - flicker FM noise corner

The presence of both white FM and flicker FM noise gives rise to a noise corner. The noise
corner represents a pair

(
tcor,Var

[
Φ(tcor)

])
, for which the accumulated oscillator white FM

phase variance equals the accumulated flicker FM phase variance. From Eqs. (4) and (6),
the corner accumulation time satisfies the relation: tcor

(
3− 2γ− 2 ln(2πfltcor)

)
= hw

hf
.

Figure 9 depicts the accumulated oscillator phase variance versus accumulation time,
for the three flicker FM noise magnitudes considered in this work. For accumulation times
below the noise corner, the white FM noise component is dominant and the oscillator
phase variance increases linearly. Above the noise corner, the flicker FM noise component
dominates and the variance increases in a quadratic way. The dotted and dashed lines in
Fig. 9 represent the theoretical phase variance from Eqs. (4) and (6) respectively. The
simulation results, when using the Gaussian process model are shown as solid opaque
curves. The noise corner accumulation time values obtained for the flicker FM magnitudes
are provided in Table 1.

4.1.4 Sampling speed

Depending on the flicker FM magnitude, the accumulation time is selected as 25 %, 100 %
and 400 % of the value of the noise corner. At 25 %, the white FM noise component will
dominate and at 400 %, the flicker FM noise component dominates. Table 1 provides the
accumulation times at interest and the corresponding worst-case Shannon entropy for the
white FM component, also visible in Fig. 8, when the ERO TRNG is sampled at tacc time
intervals.

4.2 Entropy estimation
This section presents numerical results for the conditional ERO TRNG worst-case entropy,
from implementing the theory outlined in Sections 3.2 and 3.4. The subsections are
arranged in decreasing knowledge of the oscillator’s state: in Section 4.2.1, we assume the
observation of the complete oscillator phase, whereas in Section 4.2.2 only the produced
TRNG output bits are assumed to be known.
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4.2.1 Knowledge of the previous phase values

The worst-case Shannon entropy is evaluated when p previous sample phase values are
known, Hworst[ ~Φu

e | ~Φo,p
e = ~ϕ]. The entropy for the sixth bit from an ERO TRNG is

calculated, given the knowledge of the previous p sample phases, for p ranging from zero
up to five. The unobserved/observed excess phase vectors become

~Φu
e =

(
Φwe (t6),Φfe (t6)

)ᵀ
,

~Φo,p
e =

(
Φwe (t5),Φwe (t4), . . . ,Φwe (t6−p),Φfe (t5),Φfe (t4), . . . ,Φfe (t6−p)

)ᵀ
,

for p ∈ {0, 1, . . . , 5}. When p equals zero, no phase information is known and the entropy
becomes unconditioned.

Note that from Eq. (11), the conditional covariance matrix for ~Φu
e | ~Φo,p

e = ~ϕ is
independent from the actual realized value of the previous sample phases, ~ϕ, and that the
worst-case entropy is independent from a phase shift introduced by the conditional mean.
The worst-case entropy, given the knowledge of p previously observed sample phases is
therefore not influenced by the realized value itself: Hworst[ ~Φu

e | ~Φo,p
e = ~ϕ] = Hworst[ ~Φu

e |
~Φo,p
e ].

Knowledge of p previous sample phases Figures 10 to 12 provide the worst-case Shannon
entropy and phase standard deviation for the sixth bit, given knowledge of p previous
phase values, for flicker FM noise magnitudes 6.22× 10−12, 1.04× 10−10 and 9.48× 10−9

respectively. The entropy and phase standard deviation values are given for white FM
and flicker FM noise separately, Hworst

[
Φy
e(t6) | ~Φo,p

e

]
and

√
Var

[
Φye(t6) | ~Φo,p

e

]
, for

y ∈ {w, f}, respectively.
As seen from these figures, the entropy reduces significantly when the previous sample

phase is known, both for white FM and flicker FM noise. For white FM noise, the entropy
remains constant for p ≥ 1 and the phase variance equals the variance accumulated between
the fifth and sixth sample: Var[Φw

e (t6) | ~Φo,p
e ] = 4π2f2

nhwtacc. For flicker FM noise, the
phase variance and therefore also the worst-case entropy keep reducing for increasing p,
although the reduction is minor compared to the reduction for p from zero to one and
reduces for higher p.

Knowledge of only the previous sample phase Elaborating on knowing only the phase
of the previous sample (p = 1), Fig. 13 depicts the worst-case Shannon entropy for white
FM and flicker FM noise separately, versus the accumulation time between the samples.
Curves are given for three time instances: t6, t1000 and t1000000, the sixth (given in previous
paragraph), thousandth and millionth bit, respectively. The worst-case white FM noise
Shannon entropy shown in Fig. 13 is identical to the solid red curve from Fig. 8. As seen
from this figure, given the knowledge of the previous sample’s phase, the worst-case entropy
for the flicker FM noise component is significantly higher, comparable or significantly
lower than the worst-case entropy for the white FM noise component, when using the high,
mid or low flicker FM noise magnitude estimate respectively from Table 1. Additionally,
increasing from the sixth to the millionth sampled bit, reduces the knowledge gained over
the current sample, when observing the previous sample’s phase value.

4.2.2 Knowledge of the previous bit values

In this section, only the value for the previous p sampled bits instead of the full oscillator
phase is assumed to be known. The entropy for the 300-th bit from an ERO TRNG is
calculated, given the knowledge of the previous p sampled bits, for p ranging from zero up
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Figure 10: Worst-case Shannon entropy (top) and oscillator phase standard deviation
(bottom), given the knowledge of p previous sample phase values, for p ∈ {0, 1, . . . , 5} and
a flicker FM noise magnitude hf = 6.22× 10−12. Results are provided both for white FM
and flicker FM noise and for accumulation lengths: tacc ∈ {25.0 µs, 100 µs, 400 µs}.

Figure 11: Worst-case Shannon entropy (top) and oscillator phase standard deviation
(bottom), given the knowledge of p previous sample phase values, for p ∈ {0, 1, . . . , 5} and
a flicker FM noise magnitude hf = 1.04× 10−10. Results are provided both for white FM
and flicker FM noise and for accumulation lengths: tacc ∈ {1.25 µs, 5.00 µs, 20.0 µs}.

Figure 12: Worst-case Shannon entropy (top) and oscillator phase standard deviation
(bottom), given the knowledge of p previous sample phase values, for p ∈ {0, 1, . . . , 5} and
a flicker FM noise magnitude hf = 9.48× 10−9. Results are provided both for white FM
and flicker FM noise and for accumulation lengths: tacc ∈ {10.9 ns, 43.4 ns, 174 ns}.
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Figure 13: Worst-case flicker FM noise Shannon entropy, given the knowledge of
the previous sample’s phase value versus the accumulation time (tacc) between two
samples. Curves are plotted for three different flicker FM noise magnitudes: hf ∈
{6.22× 10−12, 1.04× 10−10, 9.48× 10−9}, a higher noise magnitude gives a higher entropy
value. For each flicker FM noise magnitude, three curves corresponding to the sixth,
thousandth and millionth bit are shown. The white FM noise entropy, from Fig. 8, is
shown for reference.

to ten. When p equals zero, the entropy for the unconditioned distribution is given. The
unobserved excess phase and observed bit vector become

~Φu
e =

(
Φwe (t300),Φfe (t300)

)ᵀ
,

~Bo,p = (B299, B298, . . . , B300−p)ᵀ.

Figures 14 to 16 show the worst-case Shannon entropy for the 300-th bit, given
the knowledge of p previous sample bits, for flicker FM noise magnitudes 6.22× 10−12,
1.04× 10−10 and 9.48× 10−9 respectively. The entropy values are given for white FM and
flicker FM noise separately, Hworst

[
Φye(t300) | ~Bo,p

]
, for y ∈ {w, f}, respectively.

Figures 14 and 15 show high worst-case Shannon entropy values for both white FM
and flicker FM noise. The entropy reduces slightly with increasing number of known bits,
as each bit reveals some amount of information on the current oscillator phase. For the
higher sampling speeds in Fig. 16, the flicker FM worst-case Shannon entropy drastically
reduces even when a single bit is known.

4.3 Summary of simulation findings
The simulation results reveal several key insights regarding the worst-case entropy generated
by white FM and flicker FM noise in an ERO TRNG. Firstly, the worst-case entropy
decreases more significantly when previous phase values are known for flicker FM noise
compared to white FM noise. This could mainly be attributed to the dependencies in
consecutive period lengths caused by flicker FM noise. Additionally, at higher sampling
speeds, flicker FM noise may appear to contain more entropy than it actually does. This
overestimation of entropy is only detected when previous samples are also considered.
Lastly, the hf value plays a crucial role in determining the ratio of entropy contribution
between white and flicker noise, making it impossible to assert that flicker noise always
provides a meaningful contribution to the output entropy.

5 Conclusion and further research directions
This work presented a method for modeling the excess phase process of a free-running
oscillator. The time-domain model is based on the theory of Gaussian processes and is
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Figure 14: Worst-case Shannon entropy, given the knowledge of p previous sample bit
values, for p ∈ {0, 1, . . . , 10} and a flicker FM noise magnitude: hf = 6.22× 10−12. Results
are provided both for white FM and flicker FM noise and for accumulation lengths:
tacc ∈ {25.0 µs, 100 µs, 400 µs}.

Figure 15: Worst-case Shannon entropy, given the knowledge of p previous sample bit
values, for p ∈ {0, 1, . . . , 10} and a flicker FM noise magnitude: hf = 1.04× 10−10. Results
are provided both for white FM and flicker FM noise and for accumulation lengths:
tacc ∈ {1.25 µs, 5.00 µs, 20.0 µs}.

Figure 16: Worst-case Shannon entropy, given the knowledge of p previous sample bit
values, for p ∈ {0, 1, . . . , 10} and a flicker FM noise magnitude: hf = 9.48× 10−9. Results
are provided both for white FM and flicker FM noise and for accumulation lengths:
tacc ∈ {10.9 ns, 43.4 ns, 174 ns}.
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specifically tailored for use of estimating the entropy produced by a TRNG. The focus of
this work was on the most prevalent noise types: white FM and flicker FM noise, but the
proposed model could be applied to noise sources with other spectral shapes (e.g. random
walk FM noise as described by [HAB81]) as well. For the two noise classes, the ACF
was analytically derived from the shape of the oscillator’s relative frequency deviation
spectrum.

Using Bayes’ theorem, the conditional ERO TRNG output bit distribution is analytically
derived from the Gaussian process excess phase model. These distributions allow observing
the change in phase PDF shape, when further knowledge on the TRNG state becomes
available. Additionally, the entropy produced by the TRNG is derived from the obtained
phase PDFs and the worst-case entropy concept was introduced to remove the deterministic
influence of the phase offset on the derived entropy figure.

Finally, this work presents some exploratory simulation results for the proposed entropy
model, using three different magnitudes for the flicker FM noise component, encountered in
the literature. The results show that flicker FM noise can indeed in some cases be a valid
source of TRNG entropy. However, due to the inherent long-lasting dependency, this noise
should be harvested with great care. Given a low flicker FM noise magnitude, the authors
conclude from Fig. 13 that the flicker FM noise only bears minimal entropy compared
to white FM noise at practical sampling speeds. Especially as there is a wide range of
flicker FM noise estimates available in literature, ranging from hf = 9.48× 10−9 in [PV24]
down to hf = 6.22× 10−12 in [HTBF14], more experimental evidence on potentially a
wider range of platforms should become available before flicker FM noise could be widely
accepted as a reliable source of TRNG entropy.

Besides from working on a more profound experimental validation of the flicker FM
noise magnitude, the authors believe further research should be focused on applying the
Gaussian process model on a more extended set of TRNG architectures, e.g. situations
where multiple oscillators are used. Additionally, studying the stopping time, when a
specified phase level is reached by the random process, is necessary to determine the
distribution for the oscillator’s period length, which in turn enables to augment existing
TRNG stochastic models with the existence of flicker FM noise.
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A Combination of multiple noise sources
In terms of the relative phase acceleration, ∀t ∈ R≥0 : A(t) = d

dtY (t), the relation from
Eq. (3) becomes SA(f) = (2πf)2SY (f) =

∑2
α=−2(2πf)2SY α(f) =

∑2
α=−2 SAα(f). The

relative phase acceleration is assumed stationary in [PV24], therefore SA(f) = F
{
RA(τ)

}
.

Combine this by using the linearity of the Fourier Transform (FT):

SA(f) =
2∑

α=−2
SAα(f) =

2∑
α=−2

F
{
RAα(τ)

}
= F

{ 2∑
α=−2

RAα(τ)
}

= F
{
RA(τ)

}
,

therefore, we have RA(τ) =
∑2
α=−2RAα(τ), with RAα(τ) = F−1{(2πf)2SY α(f)

}
. The

relative phase acceleration ACF is similarly composed of a sum of independent contributions.
Satisfying this relation, we assume the relative phase acceleration equals ∀t ∈ R≥0 :

A(t) =
∑2
α=−2A

α(t), with ∀(ti, tj) ∈ R2
≥0 : RAα(ti, tj) = E

[
Aα(ti)Aα(tj)

]
. Indeed, the

ACF now equals RA(ti, tj) = E
[
A(ti)A(tj)

]
= E

[∑2
αi=−2A

αi(ti)
∑2
αj=−2A

αj (tj)
]

=∑2
αi=−2

∑2
αj=−2 E

[
Aαi(ti)Aαj (tj)

]
=
∑2
α=−2 E

[
Aα(ti)Aα(tj)

]
=
∑2
α=−2RAα(ti, tj), us-

ing ∀(ti, tj) ∈ R2
≥0, αi 6= αj : E

[
Aαi(ti)Aαj (tj)

]
= 0, due to the mutual independence of

the noise contributions.
We now define the individual excess phase noise contributions: Φα

e : R≥0 → R by
Φαe (t) = 2πfn

∫ t
0
∫ θ

0 A
α(ν)dνdθ, or equivalently by d2

dt2 Φαe (t) = 2πfnAα(t). The total excess
phase then becomes

Φe(t) = 2πfn
∫ t

0

∫ θ

0
A(ν)dνdθ = 2πfn

∫ t

0

∫ θ

0

2∑
α=−2

Aα(ν)dνdθ

=
2∑

α=−2
2πfn

∫ t

0

∫ θ

0
Aα(ν)dνdθ =

2∑
α=−2

Φαe (t),

with the excess phase noise contribution PSD equal to SΦαe (f) = (2πfn)2

(2πf)4 SAα(f) =(
fn
f

)2
SY α(f) =

(
fn
f

)2
hα|f |α. The total oscillator phase therefore equals a sum of

independent noise contributions, added to a deterministic part, determined by the nominal
frequency, fn: Φ(t) = 2πfnt+ φ0 +

∑2
α=−2 Φαe (t).

B Flicker FM noise ACF
Changing the order of integration in Eq. (5) and working out the integral obtains, ∀(ti, tj) ∈
R2
≥0:

RΦe(ti, tj) = 8π2f2
nhf

∫ fh

fl

1
f

∫ ti

0

∫ tj

0
cos
(
2πf(θj − θi)

)
dθjdθidf

= 4πf2
nhf

∫ fh

fl

1
f2

∫ ti

0

(
sin
(
2πf(tj − θi)

)
+ sin(2πfθi)

)
dθidf

= 2f2
nhf

∫ fh

fl

1
f3

(
cos
(
2πf(tj − ti)

)
− cos(2πftj)− cos(2πfti) + 1

)
df.
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When ti 6= tj , ti 6= 0 and tj 6= 0, the integral becomes

RΦe(ti, tj) = 2f2
nhf

(
−

cos
(
2πfh(tj − ti)

)
2f2
h

+ π(tj − ti)
sin
(
2πfh(tj − ti)

)
fh

− 2π2(tj − ti)2 Ci
(
2πfh|tj − ti|

)
+

cos
(
2πfl(tj − ti)

)
2f2
l

− π(tj − ti)
sin
(
2πfl(tj − ti)

)
fl

+ 2π2(tj − ti)2 Ci
(
2πfl|tj − ti|

)
+ cos(2πfhtj)

2f2
h

− πtj
sin(2πfhtj)

fh
+ 2π2t2j Ci(2πfhtj)

− cos(2πfltj)
2f2
l

+ πtj
sin(2πfltj)

fl
− 2π2t2j Ci(2πfltj)

+ cos(2πfhti)
2f2
h

− πti
sin(2πfhti)

fh
+ 2π2t2i Ci(2πfhti)

− cos(2πflti)
2f2
l

+ πti
sin(2πflti)

fl
− 2π2t2i Ci(2πflti) + 1

2f2
l

− 1
2f2
h

)
,

(18)

with: Ci(·), the cosine integral, defined as ∀x ∈ R>0 : Ci(x) = −
∫∞
x

cos(θ)
θ dθ. When either

ti = tj , ti = 0 or tj = 0, the corresponding term simplifies to

− cos(2πfxty)
2f2
x

+ πty
sin(2πfxty)

fx
− 2π2t2y Ci(2πfxty) = − 1

2f2
x

,

for x ∈ {l, h} and ty ∈ {ti, tj , |tj − ti|}.
Similar as in [PV24], the upper frequency bound, fh, is assumed very large: fh →∞.

Using the property of the cosine integral: limx→∞ Ci(x) = 0, Eq. (18) is simplified:

RΦe(ti, tj) = 2f2
nhf

(cos
(
2πfl(tj − ti)

)
2f2
l

− π(tj − ti)
sin
(
2πfl(tj − ti)

)
fl

+ 2π2(tj − ti)2 Ci
(
2πfl|tj − ti|

)
− cos(2πfltj)

2f2
l

+ πtj
sin(2πfltj)

fl
− 2π2t2j Ci(2πfltj)

− cos(2πflti)
2f2
l

+ πti
sin(2πflti)

fl
− 2π2t2i Ci(2πflti) + 1

2f2
l

)
.

Reordering further to

RΦe(ti, tj) = 4π2(tj − ti)2f2
nhf

(
−1

2
sin2(πfl(tj − ti))
π2f2

l (tj − ti)2 −
sin
(
2πfl(tj − ti)

)
2πfl(tj − ti)

+ Ci
(
2πfl|tj − ti|

)
+ 1

4π2f2
l (tj − ti)2

)
+ 1
f2
l

f2
nhf

+ 4π2t2jf
2
nhf

(
1
2

sin2(πfltj)
π2f2

l t
2
j

+ sin(2πfltj)
2πfltj

− Ci(2πfltj)−
1

4π2f2
l t

2
j

)
+ 4π2t2i f

2
nhf

(
1
2

sin2(πflti)
π2f2

l t
2
i

+ sin(2πflti)
2πflti

− Ci(2πflti)−
1

4π2f2
l t

2
i

)
.

(19)

As in [PV24], it is assumed that the lower frequency limit, fl, is much smaller than
the inverse of the observed time, ty ∈ {ti, tj , |tj − ti|} : ∀ty ∈ R>0 : fl � 1

ty
. Therefore

πflty � 1. Using the property limx→0
sin(x)
x = 1, and using the Taylor series for Ci(x)
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around x = 0: Ci(x) ≈ γ+ ln(x) +
∑∞
k=1

(−x2)k
2k(2k)! , and γ representing the Euler-Mascheroni

constant, γ ≈ 0.577, Eq. (19) is further simplified for ti > 0, tj > 0 and ti 6= tj :

RΦe(ti, tj) = 4π2(tj − ti)2f2
nhf

(
−3

2 + γ+ ln
(
2πfl|tj − ti|

))
+ 4π2t2jf

2
nhf

(
3
2 − γ− ln(2πfltj)

)
+ 4π2t2i f

2
nhf

(
3
2 − γ− ln(2πflti)

)
.

(20)

When ty = 0 for ty ∈ {ti, tj , |tj − ti|}, the corresponding term in Eq. (20) reduces to zero:
4π2t2yf

2
nhf

( 3
2 − γ− ln(2πflty)

)
= 0. Equation (20) can then further be simplified to obtain

Eq. (6).
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